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Let the distribution of a random vector X belong to the multidimensional 
exponential family. A Cacoullos-type, lower-bound, inequality for the variance of 
g(X) is given, which is shown to characterize the exponential family. 0 1990 
Academic Press, Inc. 
1. INTRODUCTION 
Let X be a continuous random variable with density f and g an 
absolutely continuous function with finite variance. Several characteriza- 
tions of the distribution of X have been given in term of either upper or 
lower bounds for the Var[g(X)] (see Cacoullos and Papathanasiou [4] 
henceforth C-P [4] and references therein) or identities, Prakasa Rao 
[ll]. These bounds and identities involve E[g(X)] and Erg’(X)]. 
Naturally, discrete analogues involve forward differences, dg(X) = 
dx + 1) -g(x). 
A characterization of normality by an upper bound was first given by 
Borovkov and Utev [ 1 ] motivated by Chernoff [8]. Dual, i.e., lower-bound 
inequalities for the Var[ g(X)] were obtained by Cacoullos [2] using a 
version of the Cramer-Rao (C-R) inequality and more recently, C-P [4], 
via the Cauchy-Schwarz (C-S) inequality and the identity 
with 
cow, m-)I = a2a4m g’(X)1 
a’w(x)f(x) = j” (p - t)f(t) dt. 
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Characterizations of other non-normal distributions were also obtained by 
several authors, either by using the general upper-bound inequality 
obtained by C-P [3] or the lower-bound (Cacoullos [2,5] or C-P [4]) 
inequalities (see, in particular, Chen and Lou [7]). 
In this note, motivated by an identity obtained by Chou [9] concerning 
a multidimensional continuous exponential family, a Cacoullos-type 
inequality is obtained for this family and its discrete analogue, the power 
series distribution (PSD). Moreover, these inequalities are shown to 
characterize the multivariate exponential family. 
2. THE MAIN RESULTS 
Let X= (X,, . . . . X,)’ have a continuous p-dimensional exponential family 
with density 
f(x) = CC@ ~‘-wq#-), (2.1) 
where 0 = (e,, . . . . 19,) is the natural parameter of the family (a dot indicat- 
ing scalar product); the set E is a finite union of open connected sets in RP, 
and K(x) has continuous partial derivatives D&(x), i = 1, . . . . p. X and its 
distribution is said to belong to the family F, if, in addition to (2.1), f(x) 
tends to zero monotonically as x approaches a boundary point of E along 
the coordinate axes. For an XE F, and a g : R + p R such that g is an 
indefinite integral of gi = Dig for all i = 1, . . . . p and 
E{ IWX)l > < ~0, E{ I (WV - ‘3 g(X)1 > < ~0 if p>l. 
Chou [9] showed the identity 
EC(VW’) - ‘3 gGO1 = ECVg(WI. 
Identity (2.2) is the p-variate analogue of the identity 
ECW’(J-I- 0) g(X)1 = ECdU-)I 
(2.2) 
given by Hudson [IO] for the one-dimensional case. 
A similar identity was given for a power series distributin. Prakasa Rao 
[ 111 used these identities to characterize the exponential family. 
Before characterizing (2.1), we first show an inequality (cf. (2.4), (3.7) in 
Cacoullos [ 21). 
THEOREM 2.1. Under the conditions of the identity (2.2), we have 
VarCsGUl > ECWJ’)IJ-’ 43W71, (2.3) 
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where J-l is the inverse of the p x p matrix 
J= W,), 4, = -W,W)I, 
a’K(x) 
k,(x)=m(71 
1 I 
and where J is assumed to be non-singular. Equality holds in (2.3) lff g is 
linear in ki(x) = DiK(x), i= 1, . . . . p. 
Proof. The dispersion matrix D( g, k, , . . . . kp) is nonnegative definite, so 
that we have the multivariate C-S inequality [cf. Cacoullos [S, p, 2421): 
Var[g(X)l 2 Cov(g(X), VK(X))[D(VK(X))] -’ .Cov(g(X), VK(X)). (2.4) 
Observe, however, that (cf. Chou [9]) 
COv(dX), ki(X))=ECg;(X)l, Cov(ki(X), k~(x)) = ECkij(X)l. 
Hence, by (2.4), the proof of (2.3) is complete. 
We now show the following converse of Theorem 2.1, thus obtaining 
another characterization of the multiparameter exponential family. 
THEOREM 2.2. Let X be a continuous random vector with range E (as in 
Theorem 2.1 the density of X tends to zero monotonically as x tends to a 
boundary point of E along the coordinate axes) and K(x) twice continuously 
differentiable with E[kj(X)] = Oi, i= 1, . . ..p. If (2.3) is satisfied for every 
g(x) with equality ifg(x) is linear in ki(x), then the density of X is given 
by (2.1). 
Proof Take g(x) = k,(x) + Ah(x), j= 1, . . . . p, 1 E R. Then (2.3) yields 
Var[lh(X) + k,(X)] 2 (AF[Vh(X)] + E[Vk,(X))J-’ 
. (AE[Vh(X)] + E[Vkj(X)]). (2.5) 
from which 
(Var[h(X)] - E[Vh(X)] Jpl .E[Vh(X)}A’ 
+ 21{cov[kj(X), h(X)] - E[Vkj(X)] J-’ . E[Vh(X)] I> 0, AER. 
But, by (2.3), the coefficient of A2 is nonnegative, so that the coefficient of 
1 must be equal to zero, i.e., 
Cov[k,(X), h(X)] = E[Vkj(X)] JJ’ . E[Vh(X)], j= 1, . ..) P. (2.6) 
Since E[Vk,(X)]J-’ is thej-row of the matrix J-‘J= Z, (2.6) gives 
Cov[kj(X), h(X)] = EChj(X)I, j = 1, . ..) p. 
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Taking here first h(x) equal to Re[exp iCkpzl tkXk] and then 
Im[exp i C tkxk] (i= 0) after integration by parts and taking into 
account that for x3 E E, 
lim Re 
.x, - x; 
exp i 1 tkxk f(x) = 0, exp ix tkxk f(x) =O, 1 
we find 
(kj(x)-6j)f(x)+~]expi~tkxkdx=oy j = 1, . . . . p. 
J 
If we assume E [(k,(X) - Sj) + a lnf/ax,l < co, by the uniqueness of Fourier 
transformation, we have 
(k,(x)-B,)f(x)+%$=O, )...) p. j=l 
J 
Solving the differential equations we have 
fCx) =eXP(BjXj- K(X) + Cj), j = 1, . ..) p, (2.8) 
where cj depends on 0, xi, . . . . xi- 1, xj+ , , . . . . xp. Since (2.8) holds for 
j= 1, ‘.., p, we have 
e,x,+c,=e,x,+c,= . . . =8pxp+~p, (2.9) 
which implies cj=CkpzjOkxk + c’(0) and thus we obtain f(x)= 
c(8)exp(0.x-K(x).) 
Remark 2.1. Applying (2.3) to the linear function g(X) =I.X, IE RP 
yields the matrix inequality $2 J-l, where A 2 B means that A -B is 
positive semidefinite (J is the dispersion matrix of X). It is easy to see that 
for a multivariate normal distribution we have 8 = J- ’ and we prove that 
this inequality characterizes normality. If J = J-l, then the inequality (2.3) 
can be written as 
first given by Cacoullos [2]. This, however, was also shown by C-P [4] 
to characterize the normal distribution. Thus we have the following 
COROLLARY 2.1. The dispersion matrix $ of XE F, satisfies the inequality 
$2 J-’ and strict equality holds if and only if X is normally distributed, 
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3. DISCRETE CASE 
We consider the multiparameter family of PSDs with probability func- 
tion 
p(x) = c(e)e;‘. . . tph(x), h(x)>O, xi=O, 1, . . . . i= 1, . . . . p. (3.1) 
Moreover, let g be a real-valued function defined on Z;f, where Z, = 0, 1, . . . . 
We define 
1 ) . ..) x, - 1 , . . . . -~,)/h(x) 
if xi=0 
and dig(x) =g(x,, . . . . xi + 1, . . . . x,) -g(x,, . . . . xi, . . . . x,), the partial dif- 
ference with respect to xi. We suppose that 
EIl(t,-e,)g,...,(t,-e,)gll<co if p>l 
(3.3) 
Under the preceeding conditions we can easily establish the following 
discrete analogue of Theorem 2.1 
THEOREM 3.1. Under the preceeding conditions (3.1)-( 3.3), 
Var[g(X)] 2 E[erA, g, . . . . 0, A, g](EOi Ait,(X) 
. EC01 A1 g, . . . . $,A, 81 (3.4) 
with equality iff g is linear in tj(x). 
Proof: The proof is analogous to Theorem 2.1 by observing that 
COvCti(X), g(X)1 = EC(ti(X) - ei) g(X)1 
=eic g(x)c(e)e;*...e~lh(x,, . . . . xi- 1, . . . . x,) 
I 
- ei 1 g(x)c(e)e;l..  eFh(X) 
= eiECAi d-VI, i = 1, . . . . p. 
The converse of Theorem 3.1 is also easily established. 
(3.5) 
THEOREM 3.2. Zf the inequality (3.4) is satisfied for every real-valued 
function g defined on I;t with equality for g linear in t,(x), where t,(x) is 
given by (3.2) with E[t,(X)] = 0, and (3.3) is satisfied, then the probability 
function of X is given by (3.1). 
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The proof is analogous to Theorem 2.2; by setting g(x) = tj(x) + Aq(x), 
we get the identity (3.5) from which for q(x) = s-: ....sp we obtain the 
desired characterization. 
Remark 3.1. Applying in (3.4) p = 1, g(x) =x, we get the inequality 
Now we prove that, equality in (3.6) holds if and only if X has the Poisson 
distribution. If X is Poisson then it is easy to see the equality. If the 
equality holds then the inequality (3.4) can be written 
which characterizes the Poisson distribution, C-P [4]. 
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